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The properties of polysaccharide, polynucleotide, and polypeptide hydrolyzing enzymes
may be studied with purified oligopolymers as substrates. An equation is derived,
applicable to enzymes of endo-action-pattern, which relates the initial velocity of cleavage
to the rate constants for the cleavage process at the various positions along the sub-
strate chain. This equation has the Michaelis-Menten form. The simple derivation
is extended to include the effects of competitive and noncompetitive self-inhibition, of

pH, and of temperature.

The application of these equations to the study of the speci-

ficity region of endo-acting hydrolytic enzymes is discussed. A model for the action
of exo-cleaving enzymes in which the enzyme may attack repeatedly the same polymer
chain is also examined and an experimental test for such action proposed.

In order to interpret at the molecular level the
action-pattern of polymer-cleaving enzymes, ki-
netic studies on chemically defined substrates are
essential. It is the purpose of this paper to con-
sider the type of information that may be obtained
from studies of the initial velocity of polymer
cleavage as a function of substrate concentration,
temperature, pH, and degree of polymerization of
the substrate.

The short-chain homopolymers required as
substrates for the polysaccharide and polynucleo-
tide hydrolyzing, or phosphorolyzing, enzymes
may be obtained in certain cases by stepwise
synthesis (Peat et al., 1960; Khorana, 1960).
They are more readily obtained by separating the
mixtures of oligopolymers produced by either
chemical (Khorana et al., 1961; Khorana and
Vizsolyi, 1961; Turner and Khorana, 1959) or
enzymatic synthesis (Peat et al., 1956), or by the
partial degradation of natural (Miller et al., 1960;
Whelan et al., 1953; Whitaker, 1954) or enzymati-
cally (Staehelin et al., 1959) synthesized polymers.
Oligosaccharides may be separated by adsorb-
tion chromatography on charcoal-celite (Miller
etal., 1960; Peat et al., 1956; Taylor and Whelan,
1962; Whelan et al., 1953; Whitaker, 1954), by
partition chromatography on cellulose powder
(Thoma et al., 1959), by ion-exchange chroma-
tography (amino sugars) (Lenk et al., 1961), by
molecular-sieve chromatography on dextran gel
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(Flodin and Aspberg, 1961), or by column electro-
phoresis in borate buffer (Porath and Waligora,
personal communication.); oligonucleotides by
ion-exchange chromatography on DEAE-cellulose
(Khorana et al., 1961; Khorana and Vizsolyi,
1961; Staehelin et at., 1959).

For enzymes which are able to cleave the sub-
strate at more than one position, the initial ve-
locity most readily determined is the sum of
the initial wvelocities of cleavage at the var-
jous positions along the polymer chain, Thus
the hydrolysis of oligosaccharides may be fol-
lowed by measuring the increase in the number of
terminal reducing groups, and the hydrolysis of
oligonucleotides, when the products of cleavage
are not cyclic phosphate esters, by measuring the
uptake of alkali at constant pH (Razzell and
Khorana, 1959). Relationships are therefore
derived linking the apparent constants (Michaelis
constant etc.) obtained from such measurements,
and the constants that would be observed if the
cleavage of each polymer unit-unit bond could be
studied without regarding the breaking of other
bonds.

The various models examined apply directly to
hydrolytic enzymes of endo-type action-pattern
(near-random attack), although complications
arising from the effect of metal ion concentration
on the reactivity of oligonucleotides are not con-
sidered. Equations appropriate to the hydrolytic
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and phosphorolytic enzymes of simple exo-type
action-pattern (end attack) may readily be derived
by modifying these models. A possible variant
of the simple exo-type model, in which the enzyme
may repeatedly cleave monomer units from the
same polymer chain without any intermediate
dissociation of enzyme and substrate taking place,
is also examined. Although peptidases and
proteolytic enzymes are not discussed in this paper
the models examined should be applicable to the
study of such enzymes.

THEORETICAL

In the following derivations, the number of
cleavable bonds in the linear substrate molecule
is represented by n. The degree of polymeriza-
tion (D.P.) of the substrate unless otherwise
indicated is thereforen 4+ 1. The cleavable bonds
of the substrate are numbered 1 to n, and the
prior-index g is used to indicate some particular
bond in this series—i.e., g may have any value 1
to n. The superscript ~ is used to designate the
empirical constants obtained by substituting the
observed initial velocities of polymer cleavage 0
at various substrate concentrations in an equation
of the Michaelis-Menten form, and also the com-
plex values for the activation energy obtained by
plotting the natural logarithm of the above con-
stants against the reciprocal of the absolute
temperature. Further symbols are explained as
required. Those not explained will be found in
general textbooks on enzyme kinetics (Dixon and
Webb, 1958; Laidler, 1958), or in reviews of this
subject (Segal et al., 1959). The assumption is
made, unless otherwise indicated, that before the
enzyme can act again after cleaving a polymer
bond, the substrate fragments and enzyme must
completely dissociate.

Simple Endo-Cleavage.—For each point of
cleavage the chemical relationship of Figure 1

applies, there being n such equations.! For rela-
gk +1 Ek +2
S + E Z2:ES —> E + Products
nzk_l
n Figure 1

tively low values of n, the situation in which two
enyzme molecules attack the same substrate
chain simultaneously may be neglected. Since
only initial velocities are to be considered, the
further cleavage of the products of the reaction
may also be neglected. For simplicity, models in
which the enzymatic process requires more than
three rate constants for its full definition are not
examined (see below). If [E,] is the total con-
centration of added enzyme, § is the initial ve-
locity of cleavage, and the substrate concentration
[S] >> [Eo], then

! The rate constants are differentiated by the post-
subscripts +1, —1, +2 in accordance with the
recommendations of the Commission on Enzymes of
the International Union of Biochemistry.
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[El = [E] + 21 [FES] ®
=
D= D %k, [sES] @)

g=1

For each separate point of cleavage the steady
state assumption may be made:

[fES] = [E][Slk../(¢k_1 + k) = [E][S]/*Kn
(3)

On eliminating the unknowns [fES] and [E] from
equations (1) to (3) the following expression is
obtained:

(EolS] 2. (%k12/"Kom)
b= -l ()
1+ 8] 2 (1/°K.w)
g=1
Equation (4) is of the Michaelis-Menten form
and in the special case that n = 1 becomes identi-

cal with the standard Briggs-Haldane, Michaelis-
Menten equation:

5 = [EollSk,o/Kn
1 4+ [SI/Kn

Since only ¢ and [S] are observable quantities
it is convenient to define the empirical constants
k; and K,, as follows:

P Sk
1+ (S)/Kn

where k; is the velocity constant, first order with
respect to substrate, observed when [S] << K,.
If then, the model under consideration is held to
describe some particular experimental situation,
the empirical constants of equation (5) may be
equated with the algebraically equivalent expres-
gions in equation (4):

6))

ll,Km

2 1/8Ka 6)
g=1

ke = [Eol 2 (k.o/oKa) = 2 #k; )
g=1 g=1

Viax = kK = [Bol 2 (%k 42/5Kn) + O 1/%K,  (8)
g=1 g=1

Equation (6) is equivalent to the definition (cf.
equation 3) K,, = [E][S]/[total concentration of
enzyme-substrate complex]. Egquation (7) indi-
cates that k: is equal to the sum of the first-order
velocity constants for each individual bond
cleaved. This result is readily explained when
it is remembered that, for the first order equation
# = k; [S] to apply, only a minute fraction of the
added enzyme can be in the form of enzyme-
substrate complex. Under these circumstances
competition by the various substrate cleavage
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points for the active site of the enzyme may be
entirely neglected.

_ At substrate concentrations other than [S] <<
K., competition for the active site of the enzyme
must be taken into account. The significance of
this competition may be expressed in the follow-
ing two propositions:

(@) Vmx is not greater than the maximum
velocity that would be observed if the bond most
readily cleaved at high substrate concentration
could be studied in the absence of all competition
effects.

Let the particular bond for which k. ; is great-
est be designated by a, then since possible values
of g include a, ¢k, , < *k;,. For any value of g

gk*?/gKm < 2k +Z/gKm

Summing all values of g and introducing {E,]

[Eo] 2 kuo/oKn < [Eolkse 2 1/0Kq
g=1 g=1

hence proposition (a):
Visar < [Eoltkie = 8V

In the special case that all values of sk , are identi-
cal and equal to ks, then V... = [E¢] ke, =
aV e

(6) The observed rate of cleavage at high
substrate concentration of a particular bond is
less than would be observed if all competitive
effects could be ignored.

Let it be assumed that methods are available
to follow the cleavage of some particular bond b,
then, if equation (2) is replaced by " = vk;,
FES|,

Ve = [Eol(*k 12/*Km) + 2. 170K,
g=1

= bvmame/me

Since 1/K,, > 1/*K,,, then K./*K,, < 1
hence proposition (b):

bvmax < bvmax

The derivation of equations (4), (6), (7), and
(8) has been based on the assumption that the
simple relationship of Figure 1 holds. If the
enzyme-substrate complex first formed passes
through a series of distinct forms before dissocia-
tion to enzyme and substrate, e.g.

[ ek ) gk 1o ek s i]
E+8—>¢ES, —>ES; —» E + P
n ek -1 ek o

then it can be shown that the final relationship &
= f [S] is of the Michaelis-Menten form. The
empirical constants may be related to the constants
for the individual bond cleavage process as above.
Thus if a sequence of two enzyme-substrate com-
plexes are held to take part in the cleavage process
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ek _igk 2 + 2k 8k ; + &k ofk
ek itk oy + ek + k)
ek ok 4otk g
= ek 8k + sk 8k s + sk ok

I/BKm =

sk

n n
then I/Km = Z l/uKmy kf = Z ka’
g=1 g=1
and Viaax = kKo

Propositions a and b above may be shown to be
correct in the more general case that a sequence
of enzyme-substrate complexes are involved in
the cleavage process.

The above treatment may be extended, by
standard methods, to cover the cases (1) in which
substrate molecules with different chain lengths
are present, (2) in which inert polymer molecules
are present and act as competitive inhibitors, or
(3) in which cleavable polymers are added to act
as competitive inhibitors for a simple cleavage
process being followed by an independent method
(Razzell and Khorana, 1959).

Competitive Self-Inhibition.—In the preceding
section the self-inhibition of the enzyme arising
from the competition of the various cleavable
bonds for the active site has been examined.
The model discussed in that section may readily
be extended to include the case in which addi-
tional enzyme-substrate complexes are reversibly
formed, but no cleavage of the substrate takes
place. This form of competitive self-inhibition
is algebraically equivalent to supposing that
additional bonds are present for which k., = 0.
Thus, if there are j such inactive enzyme-substrate
complexes which may be formed, a given complex
being designated by prior-superscript h, if "K; =
vk_,/tk,,, and if in a given experimental situation
this model applies, then the empirical constants
of equation (5) may be defined as follows:

n ]
1/Kn = 2 1/eKn + 2. 1/°K,  (9)
g=1 h=1
ki = [El Zl(gk+z/gKm) (10)
ot
(Bl 2. (#k,e/*Knp)
\.fmax = g=1 (11)

n J
3 1K, + 2. 178K,
g=1 h=1

Equation (10) is identical with equation (7);
i.e. competitive self-inhibition has no effect on the
velocity at low substrate concentration.

The above model is closely related to that pro-
posed by Thoma and Koshland (1960) for the
action of B-amylase on «a-1—4-oligoglucosides.
These authors considered the situation in which
only one enzyme-substrate complex is susceptible
to cleavage (n = 1), all non-cleavable complexes
are equally stable (identical *K; values) and in-
volve the same number of substrate monomer
units, and the number of inactive complexes j is
equal to the number of monomer units in the
oligoglucoside less the number of units involved
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in forming the enzyme-substrate inactive complex.
If the above substitutions are made in equations
(9) to (11), the expression derived by Thoma and
Koshland is obtained. The B-amylase model,
therefore, represents a specific application of one
member of the class of models described by the
general model for competitive self-inhibition here
considered.

Non-competitive Self-Inhibition or Self-Stimula-
tion.—In the following scheme, the enzyme is
assumed to have one additional site capable of
binding substrate molecules, but incapable of
cleaving the substrate. Complex formation at
this point does not prevent the binding of sub-
strate at the active site; it may either inhibit or
stimulate the rate of cleavage. A given substrate
position of binding at the inactive site is desig-
nated by prior-superscript r, and the total number
of possible enzyme-substrate combinations at this
site by q. A steady-state treatment of this prob-
lem would be exceedingly complex: in the deriva-
tion in Figure 2 the equilibrium assumption is
therefore made.

K, ek .,
E é— :ES —>

=+

T'Ki oK
l =K, &k 4o
—S¢—>:ES—S—>
Fig. 2.—There are n possible complexes of the
type sES, q of the type E—'S, and nq of the type
¢eES—rS. There are n constants of the type #K,

and ¢k,,, q of the type 'K;, and nq of the types
wK,, K, and 'k ,..

The following relationships obtain:

[Eo] = [E] + Z [FES] + Z E—S] +

r=1

n

el

[FES—S8] (12)

g=1 r=1

n q
5= 2, ek,[ES] + 3 ek o [(ES 1S |
g=1 g=1 r=1

n
—

13

FES| = [E][S]/¢K. and [E—S] = [E][S|/"K\

[FES—S] = [E][S]/*K&K, (14)

Since the species E, ¢ES, ¢ES—S, and E—S
are in equilibrium it follows, from the definitions
of the various equilibrium constants or from the
first law of thermodynamics, that the concentra-
tions of these species are defined by any three of
the four constants, i.e. ‘K, =K, = <K, «K,. In
deriving equation (15) the class of constants K,
is entirely omitted.

U =

n q
Eo]( Z gk+2/ng) + [S] Z Z_
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The form of equation (15) is unaffected by the
number of cleavable bonds in the substrate (n),
or the number of inactive enzyme-substrate com-
plexes (q). Thus the compliex situation is in-
distinguishable from the case when n = 1 and

= 1 by the type of experiment under considera-
tion. In this respect equation (15) resembles
equation (4).

At high substrate concentration when the
terms containing {S]? are dominant, i tends to a
steady value, viz.

(“'k +/* K&K

(16)

=Lim o =
S]o=

U

®

l/leE'K-1

I [V]n p M.a

When the additional substrate molecule produces
total inhibition of the enzyme, i.e. #k,» = 0, then
7o = 0. If the *ES—S complexes precede
group transfer only, and not cleavage, then the
ek, , terms will effectively be zero since no net
release of end groups takes place during transfer.

At intermediate substrate concentrations &
passes through a point of inflection (less than
J=), or a maximum (greater than 0.), which is
determined by the parameters of the system.
When #k,, = 0 the substrate concentration at
which § reaches a maximum is given by the
relationship:

n q —1/2
[Slnax = (Z 2> 1/sK,eri> %))

g=1r=1

Provided the coefficients of [S]? are much
smal'er than those of [S], then when [S] is suffi-
ciently low the terms containing [S]? may be
neglected, and equation (15) reduces to the
Michaelis-Menten form. This is equivalent to
the condition that the amount of :ES—S is
zero. If Fig. 2 is modified to omit these species
then the steady-state treatment may be applied.

n
ki = [Eol 2. (k,2/°Ku) (18)
g=1
. n J q
1/Km = 2 1/8Kn + 2, 1/'Ki + 2, 1/°K,
g=1 h=1 r=1

19

Thus where the h terms are added to include com-
petitive self-inhibition effects. Equation (18) is
identical with equations (7) and (10). The value
of V... obtained by use of the Michaelis-Menten
equation should not be confused with the ob-
gserved maximum value of & discussed in the
preceding paragraph.

The above model, in which the enzyme posses-

n
(svk 40 /2K, 2K ))

=1r=1 (15)

g=1

g
1+[S<Z 1/%K, + Z 1/rK,>+[

Z 1/°K K,

g=1lr=1
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ses only two substrate binding sites, one of which
is the active site, is a member of the class of models
in which there are x binding sites, only one of
which is the active site. The derivation of this
more general model follows closely that of the
case in whichx = 2. If x = 3, the inactive sites
being designated by r and t, then equilibria be-
tween eight species of the type E, E—S, E—S,
E—8S, ¢ES, :ES—S, ES— S, ES—S:S, must
be considered. In general the number of such
species in equilibrium is 2+, the minimum num-
ber of equilibrium constants of types K., 'K,
‘K, etc. required to express the concentration
of all enzyme-substrate complexes in terms of
[E] and [S] is 2= — 1, and the number of types
of ck.,, #k., #k,, etc. term is 2x-1. Since for
each species involving enzyme combined with u
molecules of substrate [ES,] = C[E]}[S]s, where
C is a constant composed of u equilibrium con-
stants (see equation 14), the expression for § =

fIS] must contain a series of [S]v terms. This
expression has the {ollowing form:
_ [Eol([8ley + [S]e: + [SPes + ... + [S]7ey)
L+ [Sle + [S]%: + ... + (8],
(20)

where o, (= k¢/|Eo]) is identical with the
corresponding term in equation (15) and

n q
6 = Z 1/:K, + Z 1/:K, etc. to X summands.
g=1 r=1

The number of summands present in the coeffi-
cients oy, g4, 03 etc. is given by the corresponding
terms in the binomial expansion of (1 + 1)x-,
and in the coefficients 6,, 6,, 8; etc., by the terms
of the binomial expansion of (1 + 1)x beginning
at the second term (=x). By analogy with
equation (15) one may see that each coefficient
o, and 8, contains the reciprocal of the product of
u equilibrium constants (see equation 15). If
the additional assumption is introduced that the
cleavage process involves a sequence of enzyme-
substrate complexes in equilibrium, equations
(15) and (20) may be derived provided that the
various =k, *K,, =K, etc. terms are understood as
incorporating the several equilibrium constants
of the cleavage process sequence (see discussion
of the first model).

Since carbohydrates, polypeptides, and nucleic
acids show a marked ability to complex with
proteins it is not improbable that enzymes acting
on these substrates will possess a number of re-
gions capable of binding polymer. It will there-
fore be of interest to determine whether in a given
experimental situation equation (20) x = 1 or
x = 2 can be fitted to the experimental points, or
whether additional terms corresponding to x =
3, x = 4, etc., must be employed. It should be
emphasized that, as the equilibrium assumption
was made in deriving equations (15) and (20),
any interpretation of experimental results based
on these equations also involves making the
equilibrium assumption.
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Effects of pH.—The study of the variation of
pK., PV..x, and pk; with pH provides valuable
information about the ionizing groups present at
the active site of the enzyme (Dixon and Webb,
1958; Laidler, 1958), or about groups which
exercise a controlling influence on the conforma-
tion of the enzyme molecule. The standard
treatment of this problem may be extended to
polymer cleavage in the following manner: if the
reaction of a non-ionizing polymer S with enzyme
EH be considered, if only species of the type sEHS
break down to give products and enzyme, and if
the equilibria represented in Figure 3 apply, then
the chemical relationships shown in that figure
may be set down.

K;s Ka
EH, «———> EH «<— — E

T eK, I
l EKB eK o

sEH,S<———> EHS<——> ¢ES

l ek o
P + EH
Figure 3

Accordingly,
[Ec] = [EH:] + [EH] + [E] +

2 (FEH.S] + [EHS] + [sES]) (21)

g=1
i = 2 tk,.[EHS] (22)
g=1
[EH:] = [EH][H*)/Kgand [E] = [EH]K./[H*|
FEH.S] = [FEHS][H *]/s*Ks and
[fES] = [FEHS K,/ [H *]
[fEHS] = [E][S]/¢K, (23)

The equilibrium constants connecting the species
EH, and ‘EH.S, E, and *ES are redundant and
need not be introduced into the derivation (cf.
Fig. 2).

For convenience the following acidity functions
are introduced:

(A) =1 + Ko/[H*] + H*/Ks
(B) =1 + K./[H*] + [H+)/*Ks (24)

The resulting expression for § = f[S] is of the
Michaelis-Menten form. If, therefore, the pres-
ent model is considered to apply in some experi-
mental situation the empirical constants of equa-
tion (56) may be identified with the constants
derived in terms of this model. The following
three equations may be compared with equations
(8), (7), and (8):

n
1/Km = 2, (6B)/#K.,) + (A) (25)
g=1
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ke = [Eo] ), (%k,o/sK,) + (A)  (26)
g=1

n

Viaex = [Eo]l 2 (k,o/¢K.) + ((=B) /*K.)
g=1 1

@7

g=

Inspection of these equations reveals that the
acidity functions (¢B) are present in equations
(26) and (27) but absent in (26). Information
about the ionization of the free enzyme is, there-
fore, unambiguously obtainable (equation 26),
but clear values for the ionization constants of
the enzyme-substrate complex will only be ob-
tained if the acidity function (¢B) does not vary
with the site of association, i.e. with g. If, there-
fore, indeterminate plots of pV.... against pH are
obtained, the equilibrium conditions of Figure 3
may still prevail. The appropriate equations for
the cases in which substrate ionization affects the
binding of substrate to enzyme may readily be
derived, and resemble the corresponding cases in
which n = 1 provided that (:B) is independent of
g. The general steady-state treatment provided
by Laidler (1958) does not appear to be directly
applicable to the complex situation under discus-
sion.

Apparent Activation FEnergies.—The apparent
Arrhenius activation energy u of a process charac-
terized by the rate constant k is defined by equa-
tion (28), whatever the complexity of the rate
constant k. If k is a known function of rate
constants for simple molecular processes, then
application of the theory of absolute reaction rates
provides a precise thermodynamic interpretation
of u (Dixon and Webb, 1958; Laidler, 1958).

o log. k -y

21T ~ R (28)

For polymer-cleaving enzymes, the individual
bond rate constants ¢k; and ¢K, correspond to
the activation energy terms =u; and su., while the
observable constants k; and K, correspond to
Zi and fi,. In order to interpret fi; and i, it is
necessary to know the relationship of these terms
to the corresponding terms for individual bond
cleavage. For the three models discussed above,

2 log. k¢ 1 2k, 1 & oek;

n
ke = Z ek; (equations 7, 10, and 18); therefore:
g=1
at.li
R

21/T K d1/T k4= 91/T
otk = vk log. tk; = — (#k (fu¢/R)01/T
hence
Be= (1/k) 2. wkeuy (29)
g=1
Similarly it may be shown for the first model

pm = Kn 21 (*m/Km) (30)
=

Biochemistry

and this result may be extended to the inhibition
models by introducing terms containing bu;/*K;
and ru, /'K, (equations 9, and 19).

These equations show that, provided the
cleavage of each of the polymer bonds takes place
in an identical manner, the observed f; will be
equal to #u;. In all other cases f; will be closer
to the value of sy, for the more readily cleaved
bonds. The same conclusion is reached with
regard to #,; however, if competitive or non-
competitive self-inhibition takes place, the activa-
tion energies for these processes will be included
in the g, term. It follows, even in the case when
cleavage at all bonds is identical, that i, need not
be characteristic of the individual bond cleavage
process.

It was stated, in discussing the first model,
that if a sequence of enzyme-substrate complexes
is involved in the cleavage process, the additivity
relationships for k; and K,, (equations 7 and 6)
are valid providing the terms =k, and <K, are
understood to involve the appropriate set of rate
constants. Since equations (29) and (30) are
derived from these additivity relationships they
must apply in the case of this more general model.

Exo-cleavage: Repeated Attack on Individual
Molecules of Substrate.—In the above paragraphs
it has been assumed that the enzyme must disso-
ciate from the cleaved substrate before it can act
again on the substrate. The possibility has been
considered that some enzymes with exo-type ac-
tion pattern do not behave in.this manner. In
particular, Bailey and French (1957) have dis-
cussed the action of sweet potato S-amylase on
amylose in terms of a ‘“multiple attack” model
which they formulate as shown in Figure 4
(complexes and rate constants re-numbered;

U = cleavage unit i.e. maltose). By repre-
E + 18 E + S E + S
k-H Ik-] k+1l k_1 k.,_1 k_l
ES—— ——>ES L >ES—>etc.
U U
Figure 4

senting all corresponding rate constants as identi-
cal (all k., terms the same, etc.) the model in
Figure 4 expresses the assumptions that all
cleavable bonds are, from the point of view of the
enzyme, indistinguishable. It also implies that
cleavage is always accompanied by re-arrange-
ment of the substrate on the enzyme surface
(my interpretation). For short-chain polymers
the former is unlikely to be correct while the
latter confines all discussion to a special case of
multiple attack. A more general treatment of
this problem may be provided in the following
manner.
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E+'S E+ 28 E +°8 E+"S
1
‘k-H ‘k_lkﬂ 2k—x 2k+2 ak_l / "k_l
E
1 lkr zkf 8 n i T +
E'S \ +E2S \l E°S --1'->E §— Res_{l__due
U U U U
Figure 5

If the substrate is a polymer of n cleavable
bonds, initial cleavage taking place at bond 1,
and if each enzyme-substrate complex may (a)
dissociate to give enzyme and substrate (k_,
process), (b) cleave the substrate to give the
cleavage unit U plus substrate with one less
cleavage unit (k. , process), or {c) cleave and then
rearrange to give cleavage unit plus enzyme-
substrate complex with one less cleavage unit
(k. process), then the model shown in Figure 5 is
obtained. Since the species %S, 3S, to =S are not
initially present in the reaction mixture, the re-
combination of E + S etc. is neglected in the
same way that the back reaction of the products
with enzyme is neglected in deriving the Michaelis-
Menten equation, and the recombination of the
products of endo-cleavage with enzyme was
neglected in deriving equation (4). The species
E1S, E2S, E3S, etc. are, therefore, assumed to
reach steady state concentrations determined
only by the constants in Figure 5. The following
equations obtain:

[Eo] = [E] + (E!S] + [ES] + ... + [E5) (381

(ks2 + k) (E'S] + (ki + %ko) [E2S] +
-+ "k (E"S] (32)

IE'S] = [E]ISIk.1/(k_; + ki + ko) = [E][S]'e
[ES) = [ES)ke/(%ky + ke + k) =
[E'S]p = [E][S]'p%e
[ErS} = [Ex-18)»-k./("k, + °k.) =
[Er-18T]¢ = [E][S]g%..."¢

v o=

(33)

hence

[EO]{S]((!k-;»Q + lkr) 1¢' + (2k+2 + 2kr) 1¢2¢ etc.)
1 4+ [Sl('e + '¢2¢ + '¢%6° etc.)
(34)

Equation (34) is of the Michaelis-Menten form
and reduces to the standard expression for exo-
cleavage without repeated attack provided that
k, = 0, ie. ky = [Eol’ksy, and K,, = (k; +
k,;)/'*k,. The present model is thus compati-
ble with the model for sweet potato (3-amylase
action (no repeated attack) examined by Thoma
and Koshland (1960) (see above under competi-
tive self-inhibition). The equations extending
this model to include competitive and non-
competitive self-inhibition terms may be derived
by making the necessary additions to equations
(31) to (33).

If the substrate molecule is modified in such a

0=

way that the release of the terminal cleavage unit
may be followed (e.g. by means of carbon-14
labeling), then the initial velocity of cleavage 5*
so determined may be compared to the total
velocity of cleavage . Since
o* = [E][S] (k4. + k,)'¢ and

0 = [E]ISI(("k+: + k)'¢ + (ki + %ki)'0% +
coo k1% L. 20)

then for all values of [S]

i _ (2k+2 + 2kl’)
ox =1 Gk, + k)

(ks + %)
# T Tl + Ty ¢ Ot

(35)

Since % = k,/(*%k_; + %*k., + %k.) then when
'k, = 0, i.e. no repeated attack, 0/0* = :. Any
significant deviation of §/0* from unity may be
interpreted as evidence for the repeated attack
mechanism provided the present model is held to
describe the experimental situation under investi-
gation. This conclusion is independent of the
presence or absence of self-inhibition terms in the
expression for o.

If in some experimental situation ‘single-chain
digestion’ is held to occur, then only E!S may
dissociate to give E + S (allk_, terms = 0 except
k_,) and no cleavage to give E + S + U takes
place (all k;, terms = 0). These conditions
lead to the relationships

ki = [Eddntkitk./Cke + ko) (36)

. KK, (1/'k, + 1/%: + ... + 1/7ko)
l/Km = - (1]‘1r + 1k_l)

(37

v/0* =n (38)

In this extreme situation, therefore, the total
velocity of the reaction will be many times the
velocity for removing the terminal unit of the
chain.

If in some experimental situation all bonds are

held to be equivalent (e.g. k., = 'k, = %k, ete.),
then
ki = GIE,1(ks2 + kooka/ (ko + kyo + ko) (39)

1/Kn = Gko/(koy + kao + ko)

0/0* =G =1+ k/(k_y + ko + k) +
kr2//(k—l + k¢‘2 + kr)2 + + krn,/(k—l + kr)n
(41)

Provided that k_, and k.. are not zero, then
k,/(k_;, + k.. 4+ k,) <1 and the above geometric
series is convergent. The maximum value for

(40)
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§/0* = G is thus determined by the situation in
which n = «, viz.
Lim v/v* = ! .
n—o 1 -— kr/(k—& + k+1 + kr) B
kr

14 K
TR Rk, P

Under these circumstances
Lim k; = [Eolky + koka/ko + ki) (43)

n—w

Lim 1/Kn = ko/ (ko + ki) (44)

n—w

Equation (44) will be valid only if self-inhibition
effects may be neglected but equations (42) and
(43) are independent of such effects. If, therefore
one considers the digestion of a polymer which is
long as compared with the specificity region of the
enzyme, and if the rate constants are such that
successive terms in equation (41) become negligi-
ble after only a few terms, then the above limits
{(equations 42 and 44) may be equated with the
observed constants even though chains of infinite
length are not present.

1t is important to note that equations (43) and
(44) can be derived by considering directly the
situation in which a polymer chain that is long as
compared with the specificity region of the enzyme
is digested by repeated attack. Following Bailey
and French (1957): (a) Let the polymeric prod-
ucts of a single cleavage, from the point of view
of the law of mass action, be entirely equivalent
to the starting material. (b) Let the rate con-
stants be such that the frequency is vanishingly
small with which a single chain is diminished, by
repeated attack, to the point where the polymeric
product of cleavage is not equivalent to the
starting material. These conditions lead to the
model represented in Figure 6.

e

k. .

E + § k<__——‘—>ES—~—-—>L

s - f 4

l ke B
Figure 6

If, then, [ES] reaches a steady state, the {ollowing
equations obtain:

EiSk. + ESk: = [ESik_ + k-» + ky

(ES] = BBk & + k. (45}
) = {E] + [ES] (46}
b= [ES]k: + k.. 47

Equations 13) and (44} follow in the usual way.
The same argument applies te a group of polymers
of similar chain length. Since 'S| and [ES] re-
main constant with time the modei implies that
the time course of monomer release is that of a
zero order reaction.

‘The above alternative derivation of equations
(43) and {44) serves as a check on the more
elaborate inadel. It also allows the implications
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of omitting a k, » term from the model for repeated
attack to be separately examined. Thus the
model (Fig. 4) discussed by Bailey and French
(1957) may be re-written as Figure 6, ky, = 0.
Substituting k.» = 0 in (44) 1/K. = ki /k,
as deduced by these authors. The more elaborate
model possesses the advantage that an expression
for 5/0* may be derived (the simple model does
not distinguish the first bond to be cleaved from
any other). Also, the model is applicable to
short-chain polymers, the primary concern of this
paper.

The above treatment of exo-cleavage by re-
peated attack on single chain may be extended to
cover the following more complex situations: in
which (1) a group of polymers differing in length
by one unit are present as substrate; (2) group
transfer may take place (e.g. phosphorolysis) in
place of, or in addition to, hydrolytic cleavage;
(3) additional intermediate enzyme-substrate
complexes are considered to take part in the
cleavage and rearrangement processes; (4) com-
petitive and non-competitive self-inhibition ef-
fects are taken into account.

DiscussioN

The models examined in the theoretical section
of this paper employ certain familiar assumptions
of enzyme kinetics, viz. the law of mass action,
the steady state assumption, and the view that
when initial velocities of reaction are studied the
back reaction of the products to give the reac-
tants may be neglected. Polymeric substrates,
however, differ from the substrates normally con-
sidered in that the products of the reaction are
themselves substrates. It is convenient there-
fore to distinguish four phases in the time course
of enzyme action: (1) the transient phase, (2)
a phase in which the steady state assumption
applies and in which the reaction of the products
of cleavage with the enzyme may be neglected,
(3) a phase in which the reaction of the products
with the enzyme must be considered, (4) a
terminal phase in which the back reaction of
products to give reactants is also of importance.
In the present paper it is assumed that the tran-
sient phase is sufficiently brief and phase (2) of
sufficient duration for the initial velocity of reac-
tion § to be defined in terms of phase (2). Al-
though the kinetics of the transient phase and of
phase /3) (see Whitaker, 1954) are of importance,
their mathematical analysis is outside the scope
of this study.

In applying the mathematical models to par-
ticular experimental situations, certain properties
of polymeric substances must be porne in mind.
Thus when long-chain polymers are attacked by
enzymes, the rate of cleavage of the substrate
may be limited by the rates of diffusion of the
enzyme and substrate. Also, polymeric molecules
may exist in solution not only as randomly ori-
ented chaing, but as a dynamic mixture of such ex-
tended molecules and molecuies that have adopted
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more stable conformations, either by associa-
tion or by intra-molecular bond formation. Such
ordered structures (e.g. the a-helical region in a
polypeptide molecule) will be less readily cleaved
than the randomly oriented polymer, which is
free to adopt the configuration on the enzyme
surface necessary for cleavage. The longer the
polymer chain the more important will this effect
become. It follows that the models developed
in this paper may be applied to the cleavage of
the first few members of a polymer series with
reasonable confidence, but that care must be
exercised in interpreting the cleavage of longer
molecules. The degree of polymerization at
which these effects become significant will vary
according to the nature of the substrate.

The various models considered demonstrate,
inter alia, that a multitude of rate constants may
hide themselves behind the mask of the Michaelis-
Menten equation. The simple models for endo-
cleavage, and exo-cleavage by repeated attack,
and the modifications of these models to include
competitive self-inhibition give rise to equations
of this form (4, 9 to 11, and 34). The models
involving non-competitive self-inhibition also
give rise to equations which may reduce to the
Michaelis-Menten form as the substrate concen-
tration is decreased (18 and 19)._ It follows that
the empirical constants k; and K, [obtained by
fitting the experimental data to an equation of
this form (5)], and the variation of these con-
stants with the degree of polymerization of the
substrate, may be interpreted in terms of these
theoretical models.

_ Endo-cleavage.—The various expressions for
Viar (= kiKin), 1/K., and k; deduced from the
models for endo-cleavage, show the following
trend towards simplicity. The expressions for
V.ax are complex, V... bearing no simple rela-
tionship to the rate constants for the cleavage
processes at the individual bonds of the substrate
(8, 11, 18, and 19, 27). The expressions for K,,
are much simpler (6, 9, 19, 25) and in the absence

n
of self-inhibition effects 1/K,. = 2. 1K, (6).
g=1

Unfortunately the extent to which self-inhibition
terms contribute to 1/K, is not readily deter-
mined. This uncertainty, however, does not
arise in interpreting k;. The relationship k; =
n

3" ek, (7) is obtained both for the simple model
g=1

and for the models involving self-inhibition (10
and 18). The same equation is obtained whether
one or several enzyme-substrate complexes are
considered to take part in the cleavage process.
Furthermore, the pH dependence of k¢ is a func-
tion of the ionization of the enzyme and does not
depend on the ionization of the various enzyme-
substrate complexes (26). The study of kr as a
function of n is, therefore, of potential use in
investigating the mode of action of endo-cleaving
enzymes.
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The above comments are of a mathematical
nature. In the following paragraphs the mode
of action of an enzyme of endo-action pattern is
discussed in molecular terms. The properties of
this representational model are related to the
mathematical models already examined. Kinetic
measurements may, therefore, be interpreted in
terms of this representation and may be used to
give information about the cleavage process so
understood. The model may be usefully com-
pared with that advanced by Thoma and Kosh-
land (1960) to account for the action of the exo-
acting enzyme (-amylase.

An enzyme exhibiting an endo action-pattern
may be pictured as having on its surface, actually
or potentially, a linear series of segments, each
segment capable of binding a substrate monomer
residue in some definite orientation. The enzyme
surface is thus complementary to a fixed length of
polymer chain. If a mixed population of enzyme
molecules with specificity sequences of varying
lengths are present in an apparently homogeneous
preparation, the observed properties of the en-
zyme will be those of a hypothetical average en-
zyme molecule. The chemical groupings that
constitute the active site of the enzyme, or that
may give rise to the active site through substrate-
induced folding of the enzyme (induced-fit Ly-
pothesis [Thoma and Koshland, 1860]), must be
pictured as occupying some region along the lire
of the specificity sequence. Only substrate
molecules that bind across the active site can be
cleaved. Short polymers capable of complexing
with the enzyme but incapable of inducing the
formation of the active site will not be cleaved,
but will act as competitive inhibitors towards
longer polymers. Short polymers, or the ernds of
longer polymers, may bind to segments removed
from the active site, and at high sukstrate con-
centration complexes may form in which two
molecules of substrate are bound, neither group
bridging the active site. In this circumstance,
inhibition at high substrate concentration will be
observed (equation 15). From equations (15)
and (19) it follows that measurements of K,, for a
given substrate will record not only the true =K,
values, or *K, values, for the cleavage process,
but also the reciprocal of the affinity of the en-
zyme for the substrate at positions which do not
promote cleavage. Measurements of k;, on the
other hand, give information about the properties
of the enzyme-substrate complexes which form
with the substrate bridging the active site, and
about no other complexes.

The several affinities of the enzyme for the
substrate 1/K,( = =k, ,/¢k- ), 1,°K;, and 1/K;,
will be functions of both the length of the sub-
strate molecule and the segments at which binding
takes place. If the enzyme has to fold into some
otherwise unfavorable conformation in order to
bind substrate, the lowest members of the polymer
series may be unable to complex with the enzyme
and will therefore neither be cleaved nor act as
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competitive inhibitors towards higher polymers.
An increase in affinity with an increase in the
degree of polymerization of the substrate should
take place unless the bound substrates in the
complexes considered lap over the end, or ends,
of the specificity region. Provided that only the
affinity constants are markedly affected by the
position of complexing, and that the other rate
constants for the cleavage process are relatively
insensitive to the length of the substrate molecule,
then_the various tk; and 1/¢K,, terms, as well as
the k; and 1/K.. terms, should increase with the
degree of polymerization for the first few members
of the polymer series.

The results of studies of the mode of action of
Myrothecium verrucaria cellulase by Whitaker and
his associates (1959) are in keeping with the
above picture. For the series of 3-1—4-oligoglu-
cosides, cellobiose to cello-pentaose, inhibition at
high substrate concentration takes place, and
both k; and 1/K,, increase with increase in the
degree of polymerization of the substrate. The
data indicate that the =k; values for cellotriose
are both greater than k; for cellobiose, but are
less than <k; for the center bond of cellotetraose
(Whitaker, 1954, 1956; Whitaker and Merler,
1956). Salivary o«-amylase acting on a-1—4-
oligoglucosides (Walker and Whelan, 1960), the
dextranase from Lactobacillus bifidus acting on
a-1 — 6-oligoglucosides (Bailey and Clarke, 1959),
and the nuclease from Azotobacter agilis acting
on the oligoribonucleotides pApA to pApApA-
pApA (Stevens and Hilmoe, 1960), show action
patterns which resemble that of cellulase.

In order to determine the length of the speci-
ficity region of a given enzyme and the position
in the specificity sequence of the active site, two
possible procedures present themselves: (1) If
«k; values for the terminal bonds, ('k¢ or =k;) of a
series of polymers were determined by using sub-
strates labeled in one or the other terminal residue
and by following the release of radioactive mono-
mer, then the 'k; (or k;) values should increase
with the length of the substrate until the substrate
reaches to the end of the specificity region. For
polymers of greater length, k. (or rk;) should be
independent of the degree of polymerization. In
this way both the length of the specificity region
and the position of the active sjte could be meas-
ured. (2) If measurements of k; were made for a
series of polymers, and if a length were established
beyond which a constant increase in k; was ob-
served for each unit increase in the polymer, then
a direct measurement of the length of the speci-
ficity region would result. The latter argument
when applied to the data on cellulase shows that
the specificity region of this enzyme is at least 5
units in length. This lower limit may be com-
pared with the 4 to 5 unit region postulated for
sweet potato G-amylase (Thoma and Koshland,
1960). the 6 to 7 unit region present in antibodies
to dextran and levan (Kabat, 1957), and the
primer binding region of potato phosphorylase
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which is at least 4 units and may be 6 units in
length (Whelan and Bailey, 1954).

The several enzymes cited above have been
shown to cleave bonds near the end of short-
chain polymer substrates less readily than those
at the center. For the lowest members of the
polymer series this effect is unlikely to be a con-
sequence of the substrate extending beyond the
specificity region of the enzyme. The induced-
fit hypothesis, among other explanations, is capable
of accounting for the variatjon.

In the preceding paragraphs the nature of
substrate-enzyme binding has not been considered.
For carbohydrates the difference between hydro-
gen bonding to water and hydrogen bonding to
enzyme must be small. The major contribution
to the free energy of binding may therefore be the
increase in rotational freedom, i.e. entropy, of the
water molecules displaced from the enzyme and
substrate surfaces when the substrate is bound
(Singer, 1957). The loss in rotational freedom of
the polymer chain on binding should be small
when compared with this increase. It follows
that, in the special case in which the simple
model represented in Figure 1 is applicable and
the equilibrium assumption holds (K. = K.),
im will be very small and almost independent of
the degree of polymerization of the substrate, and
«: will be almost equal to #u+.. If, in addition,
the x4 , terms vary little with g and polymer size,
then ;; will be independent of the degree of poly-
merization of the substrate. It is of interest that
the /i, values for cellulase are constant, within the
limits of experimental error, for the series cello-
biose to -tetraose although the individual sk
values in this series differ at least 100-fold (Whita-
ker, 1956).

Exo-cleavage—Thoma and Koshland (1960)
have ingeniously demonstrated that the non-
terminal portion of the amylose chain may act as
a competitive inhibitor in the cleavage, by sweet-
potato B-amylase, of maltose units from the non-
reducing end of the polymer By determining
K, for substrates of various chain lengths and by
making a reasonable assumption about the speci-
ficity region of the enzyme (4 glucose units in
length) they were able to estimate the value of
K., that would have been observed in the absence
of competitive self-inhibition effects. The find-
ing that a plot of 1/K, against the degree of
polymerization of the substrate was linear within
the limits of experimental error supported the
view that K., is independent of the length of the
polymer chain, and agreed with the postulated
representational model of the inhibition process.
If non-competitive self-inhibition can arise for
this enzyme by the binding of the ends of two
substrate molecules on the specificity region, then
the inhibition constants for this effect will make a
small contribution to the estimated value of K..
It would seem reasonable that competitive self-
inhibition is general for enzymes of exo-action
pattern (equations (9) te (11), n = 1)
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In examining the hypothesis that a particular
enzyme degrades by repeated attack upon single
molecules of substrate it is essential to take into
account competitive inhibition. In the mathe-
matical model for repeated attack developed in
the theoretical section only the functions for
k: (34, 36, 39, and 43) and §/0* (35, 38, 41, and 42)
are independent of such effects. In the special
case of “‘single-chain” digestion (36), k; increases
linearly with the number of cleavable bonds in
the substrate (n), but in all other cases k; will
tend to some steady value as n increases (e.g. 43).
A more general test for the repeated attack
process is given by the expression /¥, i.e. theratio
of the initial velocity of polymer cleavage to the
initial velocity for removing the terminal unit of
the polymer. If §/5* is unity, then no repeated
attack occurs, whereas if §/0* = n, “single chain”
degradation takes place (38). Values intermedi-
ate between | and n indicate an intermediate type
of process. The above examination of repeated
attack in terms of §/0* may be compared with the
alternative statistical treatment developed by
Bailey and French (1957). They conclude that
the average number of maltose units removed from
amylose by sweet potato g-amylase, during the
period of association of enzyme and substrate, is
3-3 (see also French, 1960). A detailed compari-
son of the two approaches is outside the scope of
the present paper.

An enzyme cleaving a polymer by means of a
repeated attack process may be considered to be
more efficient, as an agent of degradation, than an
equivalent enzyme that operates by cleaving the
terminal unit only. At low substrate concentra-
tion (first-order conditions) a measure of this
greater efficiency is provided by the function §/0*.
Unfortunately the attractiveness of the hypothesis
that degradation takes place in the above manner
is nicely matched by the difficulty in advancing a
convincing representational model for such a
process. This difficulty may be illustrated by
considering the following two models for repeated
attack by a 8-amylase. In the first model, after
the terminal maltose unit has been removed from
the end of the chain, the polymer remains bound
to the specificity region of the enzyme by weak
forces until either dissociation or rearrangement
takes place. The polymer moves up to the posi-
tion for cleavage by passing first to some secondary
specificity region and then back to the primary
region (a lifting process). In the second model,
based on the mechanism for repeated attack pro-
posed by Wurtz et al. (1962), the specificity region
of the enzyme consists of two sets of two segments,
each segment equivalent to a glucose unit; also
two potentially formable active sites are present.
After the terminal maltose unit has been removed
the polymer may either dissociate from the
enzyme or glucose units 4 and 5 may “roll-on” to
occupy the vacated segments. The second active
site now forms to cleave a second maltose unit from
the polymer, and the situation before the first
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cleavage is reconstituted. The first model in-
volves a “lifting” process and a lateral motion of
the two sections of the enzyme of at least 10
Angstrom units. The second involves either an
improbable folding of the amylose chain or a
migration of vacated sites before the next stage in
the helical “roll-on”’ process can take place. Both
of these models may be interpreted in terms of the
rate constants of the mathematical model. The
question, therefore, of whether or not repeated at-
tack takes place can be dissociated from the
question of how it takes place.

Such detailed representational models would
be required to account for a cleavage process that
approached single-chain digestion. Some degree
of repeated attack, however, would be observed
if the enzyme were able to bind both the cleavable
end of the polymer chain and some other part of
the chain distant from the end. Dissociation of
the cleaved end would not, in general, result in the
complete separation of enzyme and substrate,
and further cleavage from the same chain would
therefore be likely. It is also possible that for
large polymers repeated attack could arise as a
result of slow diffusion processes: a molecule of
bulky substrate once cleaved is for some finite
time after cleavage more likely to be attacked by
the same enzyme molecule than a molecule of
substrate that is outside some particular diffusion
radius. This last intuitive model has been in-
voked, in connection with studies on the endo-
acting salivary a-amylase, by French et al. (1950)
but is equally, if not more, applicable to enzymes
of exo-action pattern.

In the theoretical section of this paper various
suggestions have been made for the further
development of the mathematical models dis-
cussed. Insofar asthese developments are related
to standard models for enzyme kinetics, reference
may be made to the textbooks mentioned above
(Dixon and Webb, 1958; Laidler, 1958). As
experimental evidence is gathered it may be an-
ticipated that more elaborate mathematical models
will have to be considered and that the representa-
tional model for the action of endo-cleaving en-
zymes will need to be modified. A complete
theory will require that the various stages in the
chemical cleavage process for exo- and endo-
acting enzymes be represented by distinct rate
constants, and that methods to determine these
constants be evolved.
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